ON THE ARITHMETIC OF ORDER TYPES

BY
ANNE C. MOREL

1. Introduction. This paper deals with the arithmetic of order types, in
particular, with finite multiplication(!). In the first part, the question of
what order types « are left cancelling types is investigated, i.e., what are the
types a such that a-B=a-vy implies 3=+ for all types 8 and 7. A necessary
and sufficient condition for a type « to be a left cancelling type is obtained.
Several particular results are found, among them that every scattered type
is a left cancelling type. In the second part we investigate solutions of the
equation £*=a. Some sufficient conditions for the equation to have at most
one solution are found. Moreover, it turns out that one can find denumerable
types « for which the equation £* =« has exactly m solutions, where m is any
finite cardinal, or m =8, or m=2%o,

2. Some definitions and elementary consequences(?). The term relation
will be used to denote any binary relation. The field of the relation R, in
symbols, F(R), is the set consisting of all first elements x and all second
elements y of the ordered pairs (x, ¥) belonging to R. If RDR’, then R’ is
said to be a subrelation of R.

All relations considered (but for some obvious exceptions) are assumed
to be (simply) ordering relations, i.e., they are anti-symmetric, connected
and transitive.

The relation R is isomorphic to the relation .S, in symbols, R=2S, if there
exists a one-to-one function f which maps F(R) onto F(S) and fulfills the
following condition: for any x, yE F(R), if xRp then f(x)Sf(y). (Hence, since
R and S are simply ordered, f(x)Sf(y) implies xRy.) If f is such a function, we
write R=,S.

The symbol 7(R) will be used to denote the order type of the relation R.
In general, Greek lower case letters «, 3, 7, - - -+ will be used to designate
order types, although finite order types (which can of course, be considered
as natural numbers) will also be denoted by m, n, p, - - - .
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(*) The results presented in this article were obtained in 1951-1954 and stated without
proof in several abstracts and notes; see the Bibliography at the end of the paper. A large part
of the results was included in the author’s doctoral dissertation, accepted by the University
of California in January, 1953. A portion of the preparation of the paper was done while the
author was working on a research project in the foundation of mathematics sponsored by the
Office of Ordnance Research, U. S. Army, and directed by Professor Alfred Tarski. The author
wishes to express thanks to Professor Tarski, under whose direction the dissertation was written.

(?) For many of the notions introduced in this section, and their elementary properties,
see Hausdorff [10] or Sierpifiski [12].
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We use the symbol k(A4) for the power of the set A. The word denumerable
will here mean either finite or of power Ny. A relation type a will be said to be
finite or infinite, according as F(R) is finite or infinite, where R is any relation
such that 7(R) =a. For any sets 4 and B, we write 4 XB for the Cartesian
product of 4 and B.

It is assumed that the reader is familiar with the definitions of the ordinal
sum, R+S, and the ordinal product, R-S, of the relations R and S. Suppose
that R is a relation and that, for every x &€ F(R), G(x) is a relation, and more-
over, G(x)NG(x') = & for distinct elements x, ¥’ € F(R). Then the ordered
sum of the relations G(x) over R, D g G(x), is defined as follows:

2G6x)= U GxU U [FG®E) X FGE))].

R z€F (R) zRz' ,z7#z’
It is easily seen that ZR G(x) is again an ordering relation. The more fa-
" miliar operations of ordinal addition and ordinal multiplication can be viewed
as special cases of the general operation defined above. First, consider the
case where F(R) = {y, 2}, with y=2 and yRz. Then > & G(x) reduces to the
ordinal sum, G(y)+G(2). Secondly, suppose that all the G(x) are isomorphic
to some relation S. Then Yz G(x)=2S-R. Now for each xEF(R), let y(x) be
the order type of G(x). Then the ordinal sum of the types y(x) over R, D g v(x),
is defined as follows:

2@ = (X 6).

The symbols a+8 and «-8 stand for the ordinal sum and ordinal product
respectively of the types a and 8.
For every type a and for every natural number # we put

o =1, ™! = g a.

The type of the empty relation will be denoted by 0; w and w* are the
types of the non-negative and negative integers respectively (with their
usual ordering), 5 the type of the rationals and X the type of the reals.

For any relation R and any set NV, we put R(N)=RN(NXN). The set
M will be called an interval of the relation R if MC F(R) and if, whenever
¥, 2€M, x€F(R), yRx and xRz, then x& M. We use the symbols (x, y)z and
[x, ¥]r respectively for the open and closed intervals of R with endpoints x
and y. It is convenient to assume here that (x, y)r = (y, x)z and that [x, y]z
= [y, x]z. The subscript will be omitted whenever no ambiguity results. A
relation R (or type 7(R)) is dense if k(F(R))>1 and if, for every pair of dis-
tinct elements x, yE F(R), k([x, ¥]) >2. A relation S (or type 7(S)) is scattered
if k(F(S)) 21 and if S has no dense subrelation. We call a relation T (or type
7(T)) elementary if T & and if, for every x, yEF(T), x([x, y]) is finite. We
shall designate the class of elementary types by E; it is almost evident that
E consists of all nonzero finite types and of the types w, w* and w*+w.
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The following lemma is very simple and we shall make use of it hereafter
without giving an explicit reference.

LEMMA. Suppose that a, B8 and vy are order types, that R is an ordering rela-
tion and that, for each xS F(R), v(x) 1s an order type. Then

(i) a+@B+y)=(a+B8)+,

(i) a-(B-v)=(a8) 7,

(iil) o 2rv(¥) = 2r (@ v(®)).

3. Cancellation theorems for products of order types. The following de-
composition theorem, 3.1, was obtained jointly by Tarski and the author.

THEOREM 3.1. Let K be any class of order types satisfying the condition

(a) For any types o and B, a+1+BEK if and only if a, BEK.

Let A be the class of all nonzero types a such that

(b) Whenever a is expressible in the form a=p+14v+1+34, then yEK.

Then

(1) For every type a0, there exists a relation R and a function vy-on F(R)
to A such that a= Y g y(x), while if x1, x;EF(R) and x,7x,, then

2 (@) €A

R([zl.z,])

(i) If ZR v(x) and ZS 8(y) are any two representations of « of the form
described in (i), then there exists a function f such that RS and v(x) = 6(f(x))
for each xS F(R).

Proof. Let T be a relation of type «, where a0. Define the relation V
on F(T) as follows:

(1) 4LVt if and only if =t or 7(T{(4, %)) EK.

Clearly V is reflexive and symmetric; that V is transitive follows from
(a), and hence V is an equivalence relation with F(V)=F(T).
Using (a) again, we obtain:

If X,, X, are distinct equivalence classes defined by V, and if 4 EX,
(2) t.EX, and 4, Tt,, then, for every tMEX; and every t®EX,, we have
FOTE@),

Let X be any equivalence class and put ¢{=7(7(X)). Obviously {#0.
Suppose { =8+1+v+1+36 for some B, ¥ and 8. Then there must exist sub-
relations T, T2 and T3 of T(X) and elements ¢, £,E X such that

T{X)=T+ {(11, 11)} + T+ {(12, 12)} + Ts.

Since, by (1), 7(T{(t, t2))) =7(T:) EK, it follows from (b) that { EA.
Now let R be the relation between equivalence classes such that X;RX,
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if and only if either X; =X or there exists elements {, € X, and ,E X, such
that 4 T¢,.
From (2), it follows that R is an ordering relation; moreover we have

T =) T(X).

Finally, assume that 7() rqx,xgy I{X))EA, with XX, Choose
LEX, and £, EX,. By (b), 7(T{(4, t.))) EK, and hence by (1) we have { Vt,,
which is a contradiction. Thus (i) has been established.

Now suppose that Y zy(x) and Y s 8(y) are two representations of a
satisfying the hypothesis of (ii). Choose relations G(x) and relations H(y)
such that

(3) 7(G(x))=v(x) for every x&EF(R), 7(H(y)) =6(y) for every yEF(S),
and

4 ZR: G(x) = Zs: H(y).

We shall establish the following fact:
(5) Foreach x& F(R) there exists a y & F(S) such that F(G(x)) = F(H(y)).

Let x be any element of F(R); pick an element #& F(G(x)). Then, by
(4), there exists a unique y & F(S) such that &€ F(H(y)). Let 4’ be any ele-
ment such that

w # u and ¥ € F(G(x)).
Our next step is to prove, by contradiction, that
(6) u' € F(H(y)).

Assume for the moment that (6) fails. Let us suppose, for definiteness, that
uG(x)u' (rather than »'G(x)u). Then there is exactly one y' & F(S) for which

' € F(H(y'), ySy’ and y =y

We put

@) W= > H®) and 8= r(W).
Sty

Using the hypotheses, (3) and (7), we find that

(8) B & A.

Consider a decomposition of W of the following sort:

9) W= Wi+ {(o, 0)} + Wa+ {(ve, v2)} + Wa.

Our argument now divides into cases, depending upon the relative order in
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W of the elements %, #’, v; and v,. We treat only the case where u, #/, v, and
v, are distinct elements such that

(10) vuWu, uWv, and v,Wu';

the other cases are quite analogous. We note, using (7) and (10), that

v E F(H(y)). Since u, 1 E F(H(y)), we infer from (b), the hypotheses and (3)
that

(11) T(W{(v1, w))) € K.
Similarly, since %, #' € F(G(x)), we have

(12) T(W{(x, #))) € K.
A consequence of (a), (10), (11) and (12) is
(13) (W{(n, o)) € K;
from (a), (10), and (13), we conclude that

(14) T(W{(vy, 12))) € K.

Now by using (b), (7), (9) and (14), we obtain BEA, in contradiction to (8);
thus (6) has been verified.
An immediate consequence of (6) is

F(G(x)) S F(H();
by a symmetric argument we could as well have obtained
F(H(y)) C F(G(%)).
Hence (5) has finally been proved. Moreover, (3) and (5) imply that
v(x) = 8(y).
We are now able to define the function f of (ii) as follows: for each
xEF(R), let f(x) be the unique y& F(S) such that F(G(x)) = F(H(y)). The

proof that f satisfies the requisite conditions is almost immediate.
We recall that E denotes the class of all elementary types.

COROLLARY 3.2. For every type a0 there exists a relation R and a function
v on F(R) to E such that a = Y g v(x), while if x immediately precedes x’ with
respect to R, then g(x)—+g(x') €E. This representation is essentially unique (in
the sense of 3.1 (ii)).

Proof. Let K be the class of finite types (including 0). Clearly K satisfies
hypothesis (a) of 3.1. The set A of 3.1 then consists of all elementary types.

A representation of a type « as described above will be called an elementary
decomposition of . We shall also use the notion (defined in the obvious way)
of an elementary decomposition of a relation.
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COROLLARY 3.3. For every type a#0 exactly one of the following holds:

(1) a s a scattered type.

(i) « is (essentially uniquely) representable in the form a= Y gy(x),where
R is a dense relation and, for each xE F(R), v(x) is scattered(®).

Proof. For K of 3.1 take the class consisting of all scattered types and 0.
Then A is precisely the class of scattered types, and by 3.1 we obtain
a= Y g 7v(x), where each y(x) is scattered but D ez, =y (%) is not scat-
tered whenever x;#x,. If 7(R) =1, we obtain (i). Consider the case 7(R) #1.
If R is not dense, there must exist two consecutive elements, x’, "’ &€ F(R).
Hence ZR([z', 21 Y(®) =v(x")+v(x"’) is not scattered, but, as is well known,
the sum of two scattered types is again scattered. Hence R is dense.

The representation of a described above will be called a scattered decom-
position of c.

We state without proof the following two elementary lemmas.

LeMma 3.4. If a+-B=vy+90, then either

(1) There is a type € such that a=~v+e€ and d=¢+0,
or

(1) There is a type € such that y=a-+e€ and B=¢€-34.

LEMMA 3.5. If a-B=7v+9, then at least one of the following must hold:

(1) There exist types 1 and B, such that y=a -1, d =a-B: and B1+B:.=0,

(i1) There exist nonzero types on and a with oy +ae =, and types B1 and B,
with B1 +1 +ﬁ2 =B, such that Y=o 'Bl +(¥1 and ) =a2+a '62.

If «, B, v and & are any types such that a=8-++v+34, then 8, v and § are
known respectively as initial, middle and final portions of «; in symbols,
Bda,vMaand 6§ Fa. For the negations of the three preceding expressions
we write B9, ¥ Ma and § 5 a.

THEOREM 3.6. If a-B =70, then at least one of the following conditions is
satisfied:

(i) B=39,

(ii) There exist types v, vz and an infinite type &' such that o =~,+7y- 8+,
Y1 Ty, ¥2 9y and & M 4,

(3 Corollary 3.3 can be found in Hausdorff [10, p. 95]; however, it is not stated there that
the representation is unique. By following the lines of Hausdorff's argument, the author first
obtained Corollary 3.2, and then the more general Theorem 3.1 was established. In addition to
3.2 and 3.3, some other rather particular cases of 3.1 can be obtained. For instance, as is easily
seen, the premises of 3.1 are satisfied if we take for K the class of all types of dense relations
without endpoints and for A the class consisting of 1 and of all dense types. Corollary 3.2 can
be generalized by taking for K the class of types of power less than gy, s an arbitrary ordinal,
and for A the class of all types « such that every closed interval of a is of power less than .
As can be shown, A consists of all types a representable in the form a= 3z ¢(x), where each
¢(x) is of power less than 8, and 7(R) =w* +w,.
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(i1i) There exist types au, az and an infinite type B’ such that y=ar+a-f
4o, a0y Fa, az 9 o and B M B,
(iv) a-n=+y-p, where n and p are distinct finite types.

Proof. If «- =0, then either (i) or (iv) holds. We assume now that a8 #0.
Choose relations R,, Rg, Sy and S; such that

(1) 7(Ra) =, 7(Rp) =B, 7(Sy) =7 and 7(S;) =4.
From 3.2 we obtain

(2) Rg = D R'(x), where 2 R'(x) is an elementary decomposition of Rg,
R R

(3) Ss= 2. S'(y), where Y S’(y)isan elementary decomposition of S;.
s S
Let
T=Re LR, U=S;250).
R S
Then, for some function f,

(4) T=Y R R@)=E SSG) =T

From (4) (using the symbol f+(4) to denote the set of all f(x) with xEA) we
readily obtain three cases:
Cask I. For every x & F(R) there is a y& F(S) such that

THF(Ra R' (%)) = F(Sy-S'(9)-
Cask II. There exist a y&E F(S) and distinct elements x, ;& F(R) such

that
FH(F(Ra R'(21))) N F(Sy-S'(y)) # &,
JH(EF(Ra R'(22))) N F(Sy-S'(y)) # .
Cask II1. There exist an x & F(R) and distinct elements y;, y: & F(S) such

that
JH(F(Ra-R'(x))) N F(Ry-R'(y1) # &,
JHEF(Ra- R'(%))) N F(Ry-R'(y2)) # .

Suppose that Case I holds. Let g be the function on F(R) such that,
for each x € F(R), g(x) is the unique y for which f+(F(R.- R'(x))) = F(S,- S’ ().
By (4) we have R2Z,S. If, moreover, for each x&© F(R), 7(R'(x)) =7(S'(g(x))),
then by (1), (2) and (3) we obtain conclusion (i) of our lemma. Suppose, on
the other hand, that there does exist an x&F(R) such that 7(R'(x))
#7(S'(g(x))). Putting ¢(x) =7(R'(x)) and 8(x)=7(S"(g(x))), we have, by
(1), (2) and (3), a-p(x) =7-0(x), where ¢(x) #6(x) and ¢(x), 0(x) EE. If ¢(x)
and 0(x) are both finite types, we get conclusion (iv). If not, we have

o-¢(x) =v-8(y), with ¢(x) #0(y), ¢(x), 0(y) EE, ¢(x) M B, 6(y) M & and
(5) e
¢(x)+0(y) infinite.
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It will be shown at the conclusion of the proof that (5) implies either (ii)
or (iii).

Now assume that Case II holds. We may then choose elements (f, %)
EF(Ra R (x1)), (t2y u2)SF(Ra R'(x5)), and (v, w1), (vs, w2) SF(S, S (3))
such that f({t;, %)) = (1, w1) and f({f2, %2)) = (vs, we). Then, by (2) and (3),
[41, u2]ry is infinite while [w, w,]s, is finite. Let

N = F(S,) X [wh w2]-

We see from (1), (3) and (4) that N is an interval of U and that

(6) 7(U{(N))=+n, where n is a finite type and »n 0.
Put
(7) M = (f)*D).

Obviously, M is an interval of 7. We denote by Q the set of all second terms
of the ordered pairs of M.

If each u&(Q satisfies the condition F(R,) X {u} C M, then, clearly,
M=F(R.) XQ; using (1), (2) and the fact that u;, #4,EQ, we easily obtain
that 7(T(M)) =a-B’, where B’ is infinite and B’ M B. Hence, from (4), (6)
and (7) we have

v-n = a-f, where # is finite, 8’ M B and B’ is infinite.

Suppose now that there exists a ¥ E&Q such that F(R,) X {u(l)} T M.
In this case we must have either V) =min Q or # =max Q (i.e., D Rgu for
every u &€ Q, or uRsu for every u Q). Consider the situation where there is
just one such #™ and ¥ =min Q. Here we may easily verify that M is of
the form M=PX{u®}U(F(R)X(Q—{u®})), where PCF(R,) and
R.(P) F R.. Putting oy =7(Ra(P)) and B’ =7(Re(Q— {u®})), and using (1),
(4), (6) and (7), we get

vy n=a + a (', where oy F, 8/ M B and B’ is infinite.

If there exist distinct types ™, u®&Q such that F(R,) X {u“)}g;M and
F(R,) X {u(”} & M, then, by reasoning as above, we obtain the existence of
types a1, a, and B’ such that

vyn=a+apf + a, where s T, a2 9 o, 8/ M B and B’ is infinite.

Thus, in order to establish our lemma for Case II, it is sufficient to prove the
following statement:

If vy n=ay4a B +as, where n is a nonzero finite type, ey and a. are
(8) types such that ay ¥ @ and a; 4 @, and ' is an infinite type with g8’ 9 g,
then (iii) holds.
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Obviously (8) is valid for =1, assume that (8) holds for some # and that
v-(n+1)=ar+a B +as, where oy Fa, as 9, ' M B and B’ is infinite.
Applying 3.4 to
vty =(aatap)+a,

we obtain either

9) There is a type 8 such that y-n=a1+a-f +6 and ay=5-+7,

or

(10) There is a type & such that ey +a-f' =vy-n+06 and y=06+a..

If (9) holds, then & 9 a; and a; 9 a; consequently & § a and by the induc-
tive premise we obtain (iii). If (10) holds, we apply 3.4 again to the first
equality of (10) and obtain either

(11) There is a type € such that oy =v-n+e€ and d=¢+a-F',
or
(12) There is a type € such that v-n=a1+e€ and -5’ =€+4.

By (10) and (11), y=e+a B +a., where € F a1, and, by hypothesis,
o1 F a. Applying 3.5 to the second equality of (12), we have either

(13) There exist types 3’ and 8"’ with 8’48 =p',e=a- " and 6 =a- 5",
or

(14) There exist types 8" and B'"" with 8’41+ =’ and also types o/ and
af with af +af =a such that e=a-3""+as and d=af +a-p""".

At least one of the types 8/ and 8"/ of (13) must be infinite; the same is
true for (14). Suppose that the type 8’ of (13) is infinite. Then, by (12) and
(13), we have y-n=a;+a« ", and our inductive hypothesis is satisfied. If
B'"" is infinite in (13), then, using (10) we obtain y =a- "' 4a,. Similarly, if
@'’ is infinite in (14), or if B’ is infinite in (14), it follows from (12) or (10)
that vy n=a1+a 8" +a or y=af +a f""" +a.. Thus (8) has been proved,
and therefore Case II implies (iii). In like manner, (ii) is derivable from
Case III.

It remains to be shown that (5) implies either (ii) or (iii). If in (5) either
¢(x) or O(y) is finite, then by (8) (or a theorem symmetric to (8)) we obtain
either (iii) or (ii). Suppose that ¢(x) =w and 6(y) =w*. Then

(15) aw=a+aw="7yu*

Applying 3.5 to the second equality of (15), we see that either
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(16) There are nonzero types p; and p; such that e =+-p; and p1+p: = w*,
or

(17) There are types pi, p: and ¥ such that a=y-p+y®, y® gy and
p+14p=w*.

It follows from (16) that p, =w*; from (5) and the first equation of (16)
we obtain (ii). By (17), p10 and hence p; =w*; now (ii) is a consequence of
am7.

Assume that ¢(x) =w*+w and 0(y) =w; then

aot*t+aw=7v0.
Using 3.5 and the above equation, we ¢btain either

(18) There exist nonzero types p; and p; such that a-w*=v-p; and p,+p: =w,
or
(19) There exist types pi, p2, Y and ¥® such that a-w*=v-p;+vD,
a- o=y 4y.py p1+14pr=w, YO +y@ =y and y® 0.
We note that (18) implies that p; is finite; now from (8) and the first
equation of (18) we get (ii). If (19) holds, we must consider two cases, de-

pending upon whether p; =0 or p; #0. In the first case, from 3.5, the second
equation of (19) and the fact that p, cannot be zero, we obtain

(20) There exists a finite type #» and a type ‘¥ such that y® =a-n4a® and
a9 a.

It follows from (19) and (20) that
y=4D 4 4@ =g o* + an+ a® = a-0* + a®;

thus (iii) holds. Now assume that p; #0; clearly, p, must be finite. We find,
by using 3.5 and (19), that

(21) There is a type a® such that a® g e and v-py=a - w*4+a®.

From (8) and (21), we again obtain (iii). Each of the other cases of (5)
is symmetric with one of the two which have been proved in detail.

In the proof of 3.6 an essential use was made of the elementary decom-
position property proved in 3.2. If we start with the hypothesis of 3.6 and
if we employ, in place of 3.2, the scattered decomposition property of 3.3,
then we obtain Theorem 3.7 below; the method of proof is rather similar to
that of 3.6 but is simpler. Note that 3.7 is an exact analogue of 3.6 in the
sense that if we replace the words “finite” and “scattered” by “infinite” and
“nonscattered” respectively everywhere in the statement of 3.6, we obtain 3.7.

THEOREM 3.7. If - =760, then at least one of the following conditions
s satisfied:
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(i) B=3,

(ii) There exist types v1 and vy, with v1 § v and 2 9 v and also a nonzero,
nonscattered type &' such that a=v1++v-8 +v2 and &' M 9,

(iii) There exist types oy and as with oy §F o and az 9 a and also a nonzero,
nonscattered type B such that y=a1+a- ' +as and f/ M G,

(iv) There exist scattered types v' and & such that o' =+-8', 3 M B and
1) (A

Proofs of the following two lemmas are known(%).

LEMMA 3.8. For any types a, B, v, the conditions a=B+a+y and a=F+a
=a+vy are equivalent.

LEMMA 3.9. If n is a finite type and if a-n+B=a-n-+y, then a+B=a+7.

We shall say that v is a left cancelling type if, for all types « and 8, the
equality ¥-a =% implies a=4.

THEOREM 3.10. The following conditions are equivalent:
(i) v is a left cancelling type,

(i) y#Zy+v - a+y for every a,

(iil) y#v-a for every a1,

Proof. Clearly (i) implies (ii). We shall show that (ii) implies (iii), and
(iii) implies (i).

Assume that there is a type v which satisfies (ii) but not (iii). Then for
some type 3 we have

y=4+v-8 and B # 1.
Since 7 satisfies (ii), ¥5£0; therefore 870 and f is representable in the form
B=f+1+p8"+1+p".
Hence we have
y=yB8+vy+yvB' +v+vp"
Applying 3.8 to the above equality twice, we obtain
y=v+vB8' +r=7vQ1A+8"+1),

in contradiction to the assumption that v does not satisfy (iii).
Suppose finally that v satisfies (iii) but not (i). Then y>0 and there must
exist types a and 8 such that

1) vy a=+v8 and a#8.
Using 3.6 and (1) we obtain either

(*) Lemmas 3.8 and 3.9 are stated without proof in Lindenbaum and Tarski [11]; for their
proofs see Sierpifiski [13, p. 5] and Tarski [15, p. 28] respectively.
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(2) There are types v; and ¥: and an infinite type 8 such that y =v,+v-6+7,,
or
(3) For some distinct finite nonzero types m and #n, v-m=+vy-n.

Using the fact that 8¢ {0, 1}, and applying 3.8 to (2) twice, we obtain
4) v = -8, where & #1,

in contradiction to our assumption that v does not satisfy (iii). From (3)
and 3.9 we also obtain (4).

Given types a and 8, we write a£f if there exist relations R and S such
that 7(R) =a, 7(S) =B and R is a subrelation of S (cf. Fraissé [7]). If a£8 is
false, we write a£p.

The following lemma is an immediate consequence of the above definition.

LemmMma 3.11.

(1) If aLB and Ly, then aLy.

(i1) If R is a relation, and if o and B are functions on F(R) such that
a(x) < B(x) for each xEF(R), then Y g a(x)< > g B(x).

(iii) If a£B, then v - afLy-B.

LEMMA 3.12. If a is a scattered type, then a+aSo.

Proof. For the proof see Ginsburg [8, p. 519, Lemma 1.4](%).

The converse of 3.12 does not hold; e.g., let a= Zs A%, where S is the
usual ordering relation for the natural numbers. Then « is clearly dense, while
on the other hand one can show that a+afa.

THEOREM 3.13. Every scattered type is a left cancelling type.

Proof. This follows from 3.10, (i) and (iii), and 3.12.

Theorem 3.13 is a generalization of the result, due to Lindenbaum, that
every nonzero ordinal (or inverse of an ordinal) is a left cancelling type(®).

We say that the ordered pair (8, v) is a gap of a if « is expressible in the
form a=B++, where 1 53,1 9 v, 850 and 0. An immediate consequence
of this definition is the following lemma.

LEMMA 3.14. If a0, 1 d o, 1 § @ and 2£9, then - 6 has a gap.

THEOREM 3.15. If a is a nonzero type such that
(i) « has no gaps,
(i) 19aand1Fa,

then a is a left cancelling type.

(5) Actually in [8] a stronger result has been established; it is shown there that if « +aLe,
then a-9La. Lemma 3.12 was proved independently (and at about the same time) by the
author; see [1].

(*) Lindenbaum’s result is stated without proof in Lindenbaum and Tarski [11, p. 321,
Theorem 15]. A procf can be found in Sierpifiski [13].
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Proof. By contradiction, using 3.10, (i) and (iii), and 3.14.

It follows from 3.15 that the type N of the real numbers is a left cancelling
type. We note that Theorem 3.15 cannot be improved by weakening or
omitting the hypothesis (i), since (14+N)-2=14X, A+1)-2=A+1 and
(1+2-N+1)-2=14+2-A+1.

4. Solutions of the equation {*=q.

THEOREM 4.1. If B?=~2 and if

(i) B has no gaps,

(ii)) 198 and 15,
then B=1y.

Proof. For B=0, the theorem is trivial. Suppose now that §#0. Then,
clearly, we have

1 19y and 1F+.
Since 80, B is expressible in the form
B=pf+1+8:
BB1+B)+BB2=17"7.

It follows from 3.5 and the above equality that at least one of the two follow-
ing conditions must be satisfied:

and hence

(2) There exist types v; and v, such that 8-Bi+8=v v and B8-B=7v"7..
(3) There exist nonzero types ¥ and y® as well as types v, and v, such that
B-BitB=v n+y®, B-Br=7®+y 72 and Yy +y® =y.

If we apply 3.5 again to the first equality of (2), we obtain either
(4) There exists a type 6 such that =",
or

(5) There are types vi1, Y12 ¥ and ¥® such that 8:-Bi=7 via+v®,
6:7(2) +7"Yl,2y ay(l)#O’ 7(2)#0 and ﬂy(1)+ﬁy(2) =7.

Suppose that (4) holds. Then d=1, for if we had 2£4, then, by 3.14,
B would have a gap, contrary to hypothesis (i). Hence we have g=+.

Assume now that (5) holds. First consider the case v;,,#0. Using (1) and
(5), we find the 1 Fv®; using (1) again, we obtain 1 9 -7, ;. The conclusion
that 8 must have a gap follows from (5). If 41,, =0, we apply 3.5 again to the
first equality of (5) and obtain at least one of the following two conditions:

(6) There is a nonzero type 6 such that y®=4-4.

(7) There are types Bi,1, 81,2, B and B® such thaty-vy1,1=8-P11+6D,
YD =B LB.B; 5 BOFED =, W20 and BB 0.
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From (5), (6) and the assumption that v;,,=0 it follows that
y=vP +y® =80+8=80+1),
with (;1,270. Hence 7 is expressible in the form
8 v =8¢ where 2 Le.
We have then
Y'=8=8¢cBe
and since, by 3.15, 8 is a left cancelling type, we obtain
) B=e(8¢.

By 3.14, 8- e must have a gap; from this fact and (9) it follows readily that 3
must also have a gap, in contradiction to (i).

For the case (7), we see, using (1) and (5), that 1 F 3™ and 1’9 3®; hence
B must have a gap.

We still have to consider (3). From 3.4 and the first identity of (3), we
obtain either

(10) There is a & such that 8-Bi=v-v:+6 and Yy =644,
or
(11) There is a 6 such that y-v;=8-61+06 and B=5-+~v D,

From 3.5 and the first identity of (10) we get at least one of the following con-
ditions:

(12) There are types (;,1 and B1,2 such that y-v;,=8-6;1 and §=8-0,...
(13) There are types Bi,1, Bi,2, B and B? such that y v, =8 6i..+8D,
3=BD+B-Br2 BV 0, BB 50 and D +L® =8,

Using 3.5 and the second identity of (3), we obtain either
(14) There exists a type 8’ such that y® =8-8,
or

(15) There are types Bs1, 822 B® and B® such that y® =8-8,,+8®,
Y Y2 =BP+B Bz,2, BB 0, BP0 and & +BW =4,

Suppose that (12) and (14) hold. From (3), (10), (12) and (14), we get
Y=+ P =0@+p +B88 =B+ +B =8B+ 1+08).

By (3) and (14), 8:,1#0. Hence we obtain (8); but we have already proved
that (8) cannot hold.

We recall (1): 19y and 1 §v. Using (13), (10) and (3) successively, we
get B g8, §9y® and ¥ g v; consequently 19 8. Moreover, the first
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equality in (13) shows that 1 § 3, The last three statements of (13) now
show that 8 must have a gap, in contradiction to (i).
If =0 in (11), then, by (3), (11) and (14), we have

Y=+ y®P =848 =(1+4) and B #0;

this implies (8). If §>0, then, using (11) and 3.14, we obtain 1 F §; since
19 y®, the last equation of (11) shows that 8 must have a gap.

Finally, suppose that (15) holds; from (15) and the fact that 19 vy ®
and 1 §4®, we see that 8 must have a gap. This completes the proof.

LEMMA 4.2. For every type o and for every positive integer n the following
conditions are equivalent:

() atala,

(ii) a"+a"Lan.

Proof. From 3.11 (iii), we see that (i) implies (ii).

It has been shown(?) that the formulas y+v£y and vy -af£y-B always
imply a£8. Now assume that there is a positive integer # such that a®+a®
£a*, while a+afa. Then 287 and a- (a*!'+a* ) La-a™!; but by an obvi-
ous induction we obtain a+afa.

THEOREM 4.3. Suppose that o is a type such that a+ala and that n is a
positive integer. Then the equation
=«
has at most one solution.

Proof. By induction. The case n=1 is trivial. Assume that the theorem
holds for some positive #» and that there are types 8 and ¥ such that

(1) Bn+l = .Yn+l = q.
By (1) and 4.2 we have
(2 B+BEB.

If we apply 3.6 to the identity B8- 3" =+ -y, we obtain at least one of the four
following conditions:

(3) B =y

(4) There is an infinite type 4’ such that v -¥'£B.
(5) There is an infinite type B8’ such that 8-f8'£v.
(6) There are distinct finite types m and p such that 3-m=+vy-p.

If (3) holds, then by the inductive premise we get 8=+. Suppose that (4)
holds. Then

(") See Ginsburg [9, p. 564, Theorem 7]. Lemma 4.2 was originally proved by the author
independently of [9] (and actually before [9] appeared in print; see [3]).
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vty ery £6;
now from (1) we obtain
ata= gt 4yt =ar(y + )
L+ +v=G+NHept =a

in contradiction to (1). The case (5) is symmetric with (4).

In order to derive our conclusion in case (6), we define a function H on
all nonzero types & into the class of finite types as follows: Let > r ¢(x) be
an elementary decomposition of 8. If ¢(x) is infinite for each xE F(R), we
put H(8) =0. If ¢(x) is finite for some xE F(R), we put H(8) =p, where p is
the unique type such that ¢(x) =p for some x&E F(R) while pLp(x) for every
xE F(R). We shall show that the function H has the following properties:

(7) If & is an infinite type and if ¢ is a positive integer, then H(8) = H(89).
(8) H(p-8)=p-H(S) for every nonzero finite type p.

To prove (7), we first note that the formulas H(8) =0 and H(8?) =0 are
clearly equivalent.

Suppose now that & is infinite, that H(6) =p, with 1£p, and thatgis a
positive integer. Then, by 3.2, § is representable in one of the following forms:
(a) 8=p-+e¢, where €0 and 19 ¢, (b) §=e+p, where €0 and 1 F ¢, (c) &
=e+p+y, where €0, y20, 1 Feand 1 9. If (a) holds, then 1 g §; conse-
quently 1 g 41, Hence

52=48-(14+9), where 144§ =481,
and

59 =p+e+5d.
From this, we see that
%) H(5%) £ H(5).

The case (b) is similar to (a). If (c) holds, then we have (e+p-+7) 9N 87, and
again we obtain (9).

Now assume that H(6?) =p, with 1£p, and that ¢ is a positive integer.
Then 47 is of the form

(10) 89 =6-6v1= (e+ p) +v, where 1Fe and 197.

If we apply 3.5 to (10), we obtain either

(11) There is a type ¢ such that e+p=35-¢,

or

(12) There are types &, 8, 6> and §® such that e+p=25-8; 451,
Y=86®48-8, 646 =05 and 6§ =0.
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Applying 3.5 again to the first equality of (11), and recalling that 6 is infinite
while p is finite, we get

(13) There exist types 8; and 8® such that e=6-6;40®, 6®+p=0 and
0@ #0.

It follows from (10) and (13) that H(d)£p and hence
(14) H(5) £ H(s9).

If we apply 3.4 to the first identity of (12), we get either
(15) There is a type { such that e=6-6,4¢ and 6 ={+p,
or
(16) There is a type 8 such that p =040,

Using (10) and (12), we find that 1 g 8. If (15) holds, we also obtain
d={+p+8®, while it follows from (10) and (15) that 1 § {; hence (14) is
valid. If (16) holds, then 6 is finite, in fact 1£6VLp; now from the equa-
tion 8§ =61 46 we obtain (14). This completes the proof of (7).

To prove (8), one need only note that if Y z ¢(x) is an elementary de-
composition of 8, then D g (p-¢(x)) is an elementary decomposition of p- 8.

Now from (6), using two results of Lindenbaum(8), we obtain the exist-
ence of a type 0 such that

(17) B=6-p’ and y=8-m', where m’ and p’ are distinct finite types.

It follows from (1) that (17) can hold only when f is infinite.
Suppose that 8 is a left cancelling type. By (1) and (17) we have

(18) p'-pr=m"y,
while, by (1) and (7),
(19) H@B) = H(y) = HB") = H(y").

If H(B) =0, then k-3 =g for finite k (as is shown at once by consideration
of the possible infinite elementary types); hence, using (18), we get

Br = p B = m oy =,

and from the inductive premise we conclude that 8 =+. If H(8) #0, it follows
from (8), (18) and (19) that

p'-H@B) =m' -HB),
which is impossible.

(3) The results, Theorems 13 and 14 of [11], are as follows: (1) If @ -n=8"n, where n is a
nonzero finite type, then a=8; (2) If @ -m=p-n, where m and n are relatively prime, then there
exists a type v such that a=v-n and B=v -m.
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Finally, assume that 6 is not a left cancelling type. By 3.10, (i) and (iii),
é is of the form

(20) = §-¢, where 2 Le¢;

from (17), (20) and 3.11, (ii) and (iii), we get
B+B=0p2=0582p Loep =05p =4,

in contradicton to (2).

COROLLARY 4.4. Let « be any scattered type and let n be a positive integer.
Then the equation &" =« has at most one solution.

Proof. This is a consequence of 3.12 and 4.3.

Corollary 4.4 is a generalization of the well known result(®) that £» =a has
at most one solution when « is an ordinal.

We now consider the problem of the existence of types « for which the
equation £*=q, and in particular £2=q, has more than one solution(??). If
such a type a exists, it must, by 4.4, be nonscattered. Hence it is natural to
ask first whether such types can be found in the class of denumerable non-
scattered types; the answer turns out to be positive.

As is well known, there are exactly four denumerable dense types, namely
7, 147, n+1 and 1+7n+1. An obvious consequence of this fact is the follow-
ing lemma.

LEMMA 4.5. Let o be any nonzero denumerable type. Then
i) n-a=mn,

(i) If 1 F«, then (n+1)-a=n,

(iii) If 19 o, then (14+7) - a=n.

Suppose that « is a nonscattered denumerable type other than 0. We
see from 3.3 that @ is representable in the form o= Yz ¥(x), where the types
v(x) are scattered and denumerable, while 7(R) is one of the four denumer-
able dense types. Among all nonscattered denumerable types, clearly the
simplest are the types for which all the (x) are equal; among these can be
found a type having more than one “square root.” Indeed, the type w- 7 has
this property(!). For, it follows from 4.5 (i) that

(wn)?=w@wn =wnn=qwry.
Also, we have, by 4.5, (i) and (ii),

(%) See e.g. Sierpifiski [12, p. 189].

(*9) The problem is not new, although it appears that it was stated in print for the first
time in [2]. According to the information available, it originated with Cantor.

(1Y) The first example of a type « for which the equation £2= a has more than one solution
was given by the author in [2]. Later Sierpifiski simplified the example and in fact showed that
‘7 can be taken for «; see [6].
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w@m+1)°=wn.
On the other hand, since w is, by 3.13, a cancelling type, we have

wn & w(n+1).

It can easily be shown that w-7n and w- (n+41) are the only solutions of the
equation £2=w-7. Moreover, a denumerable scattered type a can be chosen
so that £2=a- 7 has exactly m solutions, where 1 Sm <N,. It seems extremely
likely that for 3 <m <, there are only finitely many suitable types «, and
it is known that no such type «a exists for m>N,. As will be seen in 4.12, we
obtain more complete results if we turn from types of the form a7 to arbi-
trary nonscattered types(1?).

From now on, we will denote the (usual) ordering relation of the rationals
by the symbol Q. For convenience we now define:

A = {a; ais a nonzero denumerable type},
A, = {a; €A and a is scattered },

Ay = {a;aEA,,1daand 1 Fal,

Ay = ja; €A, 19aand 1 Faf.

LEMMA 4.6. Each of the sets A, A, Ay, and A, is of power 2%,

Proof. As is known, every denumerable relation is isomorphic to a sub-
relation of Q. Hence the power of A is at most 2% On the other hand, we see
from 3.2 that there are 2% distinct types a belonging to A, of the form
a= 2.5 (w*+w+¢(x)), where 7(S)=w and ¢(x)E {O, 1}. Consequently,
there are also 2% distinct types of the form 14 and 2% distinct types of the
form 1+a+1.

LeEMMA 4.7. If aEA but a&A,, then a is representable in exactly one of the
ollowing forms:

(i) a=2e¥(n),

(i) a=B+ 2 v(),

(iii) a= 2o () +3,

(iv) a=B+2 q7(r)+3;
where 8, 6 and each y(r) belong to A,.

Proof. This is immediate from 3.3.

We shall say that the set 4 is dense in the relation S if A CF(S), and if
every nonempty open interval of .S contains an element of A. The following
theorem concerning dense subsets of Q is known from the literature (see
Skolem [14, p. 32]).

THEOREM 4.8. Let
(i) m be any cardinal between 1 and Ny inclusive.

() Detailed results of the discussion of the equation "=« -7 (where « is a denumerable
scattered type) are stated without proof in [5]
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(i1) Ao, Ay, -+, Ay - - (where 0Si<m) be a partition of the rational
numbers, each A; being dense in Q.
(iii) Bo, By, » - -, By ¢ -+ (where 0=i<m) be a partitiou of the rational

numbers, each B; being dense in Q.
Then there exists an automorphism, f, of Q onto Q, such that, for each 1, f
maps the set A; onto B;.

COROLLARY 4.9. Suppose that ACA, and 1= k(A)<No. Then there exists
exactly one type a satisfying the conditions:

(1) a= D q¢(r), where ¢(r) EA for each rE F(Q).

(ii) For every type 6EA, {r; r&E F(Q) and ¢(r) =6} is dense 1n Q.

Proof.(1?) This follows from 3.3 and 4.8.

For each ACA, with 1=<«(4) =N,, we shall denote the unique type «
characterized in 4.9 by the symbol o(A).

LEMMA 4.10. Let B be any type and let m and n be any integers with 1 Sm <n.
Then ™ 9 Bn.

Proof. Obvious.

LEmMA 4.11. Suppose that ACA,, 1 Zk(A) =N, B M o(A) and B&EA,. Then
there exist types vy, 6EA and also types ', &8 such that

B=7" 4+ (A + 7, Y Fvy and & 9g6.

Proof. This is a simple consequence of 4.7 and 4.9.
We now state and prove the main theorem of this section.

THEOREM 4.12. If n is an integer with 2 <n, and if m is a finite cardinal, or
if m=Ny, or if m=2k°, then there exist 2% distinct denumerable nonscattered
types a for which the equation

(i) &=«
has exactly m solutions.

Case . m=0.

If B and B’ are distinct elements of A,, then n+85=1+8". It follows from
4.6 that there are 2% distinct types « of the form

€)) a=1n+p, where BE A, and 2 £86.

Suppose that « satisfies (1) and that £ is a solution of the equation (i). Clearly
£ cannot be scattered, since £” is not scattered. Using 4.10, we see that either
(a) £=m, or (b) there is a type 80 such that §=5+3’ and §’ 9 8. But if
(a) holds, then £&»=nn+4B. Assume that (b) holds. If 8’ =1, then, from 4.5
(i), we get that £"=n4159+4pB. Finally, suppose that §¢=%-+8" and 2£8’;

(*3) Corollary 4.9 was pointed out to me by Tarski, who used it originally for other pur-
poses.
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as 8’ is scattered, we must have 2 9 §’. Hence 2 9 £, so that £-2 9N £2; since,
by 4.10, £2 MM «a, we see that

(2 (n+ B8 +n+p6)MaE+ 6,

in contradiction to 3.3.
Casg II. m=1.
We shall show that for each of the continuously many types « of the form

(3) a= @7 and B <€ Ay,

the equation (i) has the unique solution £ =«. It follows from 4.5(i) that « is
actually a solution. Now suppose that £ is any solution. Evidently £ is not
scattered. Now, taking A = {B} , we have that ¢(A) =8 %; and 4.10 shows that
EM B -n. Applying 4.11, we see that £ is representable in the form

4 ¢=p+Bn+p", where '8 and B”"9J84.

Assume that 8/0. Then, by (4), 1 § ', so that £ F£-8’. Now by 4.10 we
have £2 M B 7. Since £2=£-B'+£-B-n+£&- B, it follows that (E4+£-8-9) M B,
that is

(5) B + B+ 8"+ EB-9) MB-1.
From (5) and 3.3, we see that
ﬂ” —_ B or B,I i 0.

But if 8/ =8, then it follows from (3) and (4) that 1 ¢ and so 1 8-,
which is absurd. Therefore 8/ =0 and

E=p"+8n.
If 3’=1, then 1 9 £ and so 1 g B-%, which is obviously false. Therefore 2£4’,

and, since 8’ is scattered, 2 9N B’. Hence 2 9N £ and £-2 9 £2. Moreover, by
4.10, £2 9 B 7. Thus we have £-2 9 B-n and consequently

(6) B+ B+ Bn)MBy.
It follows from (6) and 3.3 that

B =8
using (3) and (4), we again obtain 1 d £, but, as was noted above, this is im-
possible. We may now conclude that our assumption that 8’50 was incorrect.
A symmetric argument shows that 8 =0.

Case I11. 2Sm=N,.
Let « be one of the continuum of types such that

N a = o(A), where AC A, and «(4) =m — 1.
(Tt is assumed here that Ng—1=2N,.)
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We make use of the following consequence of 4.7 and 4.9:
(8) If BEA or if =0, and if y€A and 1 F v, then (¢(A)+B) -v=0(A).
Now we put
9 tE=0(A)+ B8, where BE A or g=0.
Then, by (8),
g = (0(A) +8)-(c(A) + B) = o(A) = & = .

Now suppose that £ is a solution of (i). From 4.10 and 4.11, we obtain the
existence of types 3, 8/, v and v’ such that

(10) t=p8 +0(A)+ 7, where B/ FB,v 9y and B,y € A.

First, suppose that v'#0. By (7) and (10), 1 4 4’ and hence £ 9 £-v'. We
know from 4.10 that £ 9 ¢(A). Since £2=¢-8'4+£-0(A)+£-v/, it follows that
((-0(A)+£-9") Mo(A) and consequently

(11) (-0(A) + B + o(4)) M o(A).
By (11), 3.3 and the definition of ¢(A), we have
BEA or g =0.
If B'&A, then, by (7), 1 98’; hence 1 4 £ and 1 9 ¢(A); but it is obvious that
(12) 19 o(A).
Thus £ must be of the form
E=o(A)+ "

Clearly v’ #1; since 4’ must be scattered, we have 2 9 v/, 2 9 &, and con-
sequently £-2 9 £2. Now using 4.10, we obtain

(13) (e(8) + 7" + o(4)) M o(4).

Applying 3.3 to (13), we find that ¥’ €A, and so § satisfies (9).

Second, suppose that ¥’ =0. If 8’ =0, then £ obviously satisfies (9). Con-
sider the case 8’>#0. We cannot have 8’ =1, for then we could derive 1 4 a(A),
in contradiction to (12). Hence 2£8’, 2 9 8’ and 2 9 £ Now, with the help
of 4.10, we find that

(14) (e(A) + 8" + o(A)) M o(A).
From (14) and 3.3, we obtain

B € A;
but an obvious consequence of 8’ CA is

149 ¢(4),
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which contradicts (12); hence the case 8’ #0 is impossible. We now conclude
that (9) gives all solutions of (i).

Casg IV. m=2W,

We put

(15) €= Y_q¥(r), where v is a one-to-one function on F(Q) into A,.
Now choose a of the form
(16) a = (w* + w)-e.

(In particular, in selecting € we may take the types y(r) of (15) to be distinct
nonzero finite types.) It follows from 3.3 and 3.13 that there are 2% types «
satisfying (16).

Suppose that £ is a type such that

(17) = (*+0)-B+en+d), where 5+8€E {0,¢f.

Since

B+ent+d) (*tw)="---F+B+ten+ds+B+entdst - =en
we find, using 4.5(i), that
(18) g=(*towen=§=a

Now for each irrational z, define

=27 +en+ 2 v(0).

>z <z
By (17) and (18),
(19) (o* + w)-¢. 1s a solution of (i).

Consider irrationals z and 2’ with z2<z’. Let Yo ¢(r) and D_q¢ ¢'(r) be scat-
tered decompositions of ¢, and {,.. Choose a rational number 7, such that
z2<ry<z. The decomposition D¢ @(r) has the property that there exists a
smallest rational, #’, for which ¢(r') =¥ (o), while D_q ¢'(#) does not have the
corresponding property. Hence, {.#{.,, whence, by 3.13,

(@* + @) §2 # (0* + @) §or;

we now conclude from (19) that (i) has continuously many solutions. More-
over, it can be shown that all solutions are of the form (17).

We note that, in all the examples used in the above theorem, £2={2
implies £&» ={" for every natural number # greater than 2. Arelevant open ques-
tion is whether there exist types £ and { such that £#»={™ and £ #{", where
m and # are distinct inte ers greater than 1. Another problem which arises
here is that of the existence of nondenumerable types having the same
square. The problem will not be considered in this paper. However, as
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Tarski has pointed out, the answer is positive if one assumes the continuum
hypothesis. For, (w;-m1)2= (w1 m+w)2=0w; n, where w; is the smallest non-
denumerable ordinal and 7, is the “homogeneous normal type” of power N;
defined in Hausdorff [10, p. 181]. As is known, the existence of 7, is equivalent
to the continuum hypothesis.

BIBLIOGRAPHY

1. Anne C. Davis, Cancellation theorems for products of order types I, Bull. Amer. Math. Soc.
Abstract 58-1-77.

2. , On order types whose squares are equal, Bull. Amer. Math. Soc. Abstract 58-3-276.

3. , Cancellation theorems for products of order types 11, Bull. Amer. Math. Soc.
Abstract 58-4-330.

4. , Sur I'équation £*= o pour des types d'ordre, C. R. Acad. Sci. Paris vol. 235 (1952)
pp. 924-926.

S. , Square roots of some denumerable order types, Bull. Amer. Math. Soc. Abstract
59-1-110.

6. Anne C. Davis and W. Sierpifiski, Sur les types d'ordre distincts dont les carrés sont égaux,
C. R. Acad. Sci. Paris vol. 226 (1952) pp. 850-852.

7. R. Fraissé, Sur la comparaison des types d'ordre, C. R. Acad. Sci. Paris vol. 226 (1948)
pp. 1330-1331.

8. S. Ginsburg, Some remarks on order types and decompositions of sets, Trans. Amer. Math.
Soc. vol. 74 (1953) pp. 514-535.

9. , Fixed points of products and ordered sums of simply ordered sets, Proc. Amer.
Math. Soc. vol. § (1954) pp. 554-565.

10, F. Hausdorff, Grundziige der Mengenlehre, Leipzig, Viet, 1914 (Reprinted, New York,
Chelsea, 1949.)

11. A. Lindenbaum and A. Tarski, Communication sur les recherches de la théorie des en-
sembles, Comptes Rendus des Séances de la Société des Sciences et des Lettres de Varsovie, vol.
19 (1926) Classe 3, pp. 299-330.

12. W. Sierpifiski, Legons sur les nombres transfinis, Paris, Gauthier-Villars, 1928.

13. , Sur la division des types ordinaux, Fund. Math. vol. 35 (1948) pp. 1-12.

14. Th. Skolem, Logisch-Kombinatorische Untersuchungen diber die Erfillbarkeit oder
Beweisbarkeit mathematischer Satze nebst einem Theoreme diber dichte Mengen, Skrifter utget av
Videnskapsselskapet i Kristiania, I klasse, 1920, no. 4.

15. A. Tarski, Ordinal algebras, Amsterdam, North Holland Publishing Company, 1956.

UNIVERSITY OF CALIFORNIA,
Davis, CALIF.



